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ELECTRIC WAVE FILTERS.

Electric Filters may be described as artificial lines com-
posed of combinations of inductances and condensers so
arranged that currents within certain bands of frequencies are
attenuated more or less severely while other currents are
transmitted with comparatively small losses. Some of the
more important uses of filters are briefly referred to below.

Two-wire Repeaters.

The amount of amplification which can satisfactorily be
obtained from a two-wire repeater is limited by the accuracy
with which the balances can be made to simulate the
impedances of the lines on either side of the repeater. Owing
to slight irregularities in the capacities of sections of cable
between loading coils, and in the inductance of individual
loading coils, etc., the curves of impedance which have to be
imitated by the balances are ‘‘ bumpy.”” The departures
from a mean smooth curve, which is all that it is practicable
to reproduce in a balance, become more pronounced at the
higher frequencies and it is desirable to suppress frequencies
above about 2200 p.p.s. on medium-heavy loaded circuits by
including low-pass filters in the circuits of the two-wire
repeaters.

Sub-Audio Telegraphy.

For the satisfactory transmission of telephone speech,
frequencies below 200 p.p.s. are not required and frequencies
up to, say, 150 p.p.s. can be used for telegraph purposes by
an arrangement of filters such as is indicated in the diagram.
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The filters are used to prevent the telegraph currents
causing interference in, or being unduly shunted by, the
telephone apparatus, and vice-versa.
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Problems presented by ‘ Composited Telegraph and
Telephone Working ’ were dealt with by Messrs. J. M.
Owen and J. A. S. Martin in a paper read before this Institu-
tion in January, 1930.*

Voice-Frequency Telegraphy.

By means of Voice-Frequency Telegraphy the range of
frequencies normally used in the transmission of speech can

be utilised to provide a large number of telegraph channels.
Signals are transmitted over each channel by keying a pure
tone, which is rectified at the receiving end of the circuit to
produce signals to actuate normal telegraph apparatus. By
the use of tones spaced at intervals of 120 p.p.s. 18 duplex
channels can be provided over a four-wire repeatered tele-
phone circuit. Band-pass filters are normally employed in
the voice-frequency portion of the circuit to prevent inter-
ference between the various channels at the terminals.
Reference should be made to Mr. W. Cruickshank’s paper on
the subject of Voice Frequency Telegraphy read before this
Institution in February, 1927.%

Carrier-Current Telephony.

Capt. A. C. Timmis, in his paper on ‘‘ Carrier-Current
Telephony,”’t read before this Institution in February, 1930,

showed the dependence of carrier-current telephone circuits
upon filters for the prevention of interference between channels
of communication provided by the carrier system and also
between them and the direct speech circuit on which the
system is superposed.

Filters, no doubt, are being increasingly used in labora-
tory work, and particularly in research work. Visitors to the
recent Faraday Centenary Exhibition had the opportunity of
hearing an effective demonstration, arranged by the P.O.
Engineering Research Section, of the effect of cutting out,
from speech and music, various portions of the frequency
spectrum. This was accomplished by the use of low-pass and
high-pass filters.

In spite of a widespread notion that a knowledge of com-

* Paper No. 130.
t+ Paper No. 113.
I Paper No. 131.
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plicated mathmatics is needed for an understanding of the
subject, the theory of electric filters, at least in regard to
steady-state conditions, involves little more than algebra and
vectorial notation.

The main object of this paper is to give a straightforward
introduction to the subject which will include a presentation
of the most important principles involved on the theoretical
side of filter design. Attention will be directed to high-pass
and low-pass filters, but the principles applied are equally
valid in the cases of more complicated structures such as
band-pass filters, which cannot be dealt with in the present

paper.
Affinity of Loaded Line and Low-pass Filter.

The inability of a coil-loaded line to transmit efficientiy
frequencies in the neighbourhood of its “ cut off >’ frequency
and above is well known, and the close relationship which
exists between a loaded line and a low-pass filter will be used
by way of introduction.

Attenuation Characteristics of Loaded Lines and Low-pass
Filters.

Fig. 1 illustrates this discrimination by a loaded line
against the higher frequencies. The curves have been drawn
for cable with 120 mH. loading coils at intervals of 2000 yards
—a loading which is being used for new construction as
affording the minimum grade of transmission, in regard to
frequency range, required by the Comité Consultatif Inter-
national. The curve marked A shows the attenuation of a
20 lb. pair, rising ever more steeply as the ‘‘ cut off *’ fre-
quency—about 3300 p.p.s., marked by the vertical line F—
is approached. In electric wave filters one is concerned with
attenuation per section and the curves in Fig. 1 show the
attenuation in decibels, not per mile but for each 2000 yards,
that is to say the attenuation per loading section. Curve C
shows the corresponding attenuation per loading-coil section
of similarly loaded 40 lb. conductors. Curves A and C have
been calculated from average values of quad cable and of
present-day main line loading coils by the Mayer formula.*

The attenuations of unloaded cable, per 2000 yards, are
marked B (20 Ib.) and D (40 1b.). The curves for the loaded
cables turn down at the lower frequencies to avoid, as one

* See Bibliography 6.
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might almost say, crossing the attenuation curves for the

unloaded cables.
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The series of circles near curve C represents measure-
ments of attenuation made by the Research Section on 40 lb.
pairs in the Glasgow-Ayr (1931) cable. loaded with 120 mH
coils at 2000 yards. The lightly dotted line is the attenuation
curve calculated from the constants of that cable. The corre-
spondence between the measured and calculated values is not
as close as might perhaps have been expected, but the shapes
of the curves are in good agreement. The author is indebted
to Mr. W. T. Palmer for the results of these tests which were
carried to a higher frequency than is usual in acceptance tests
to check up on the Mayer formula.

Curve G shows the attenuation per section that one would
get with an artificial line in which all the cable constants were
lumped, as shown at (a). This attenuation-frequency curve
is but a poor imitation of the loaded line. If the attenuation-
frequency curve of loaded lines had been of this sort, the
problem of distortion correction would indeed have been a

882%  /120mA. 22" 442 [20mH 227
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serious one. By arranging the resistance as indicated at (b)
no doubt a closer correspondence with the attenuation curve
of the loaded line would be obtained, but it is perhaps worth
noting that the resistance of the loading coils is more produc-
tive of slope in the attenuation-frequency curve than an equal
‘“ distributed *’ resistance, curve G illustrating the extreme
case of resistance concentration.

Curve E is the attenuation per section of a low-pass filter
having the same inductance (120 mH.) and capacity (.076 uF.)
per section as each loading section of the loaded cable, (but
no resistance except that of the loading coils). If the filter
coils are assumed to have no resistance the attenuation-
frequency curve is just a straight line at the bottom of the
diagram from zero frequency as far as the ‘‘ cut off > fre-
quency when it suddenly shoots up almost vertically. The
line marked F has been drawn to correspond with the
theoretical attenuation for this case. The sudden rocket-like
ascent of the curve supplies a justification for the term ‘‘ cut
off >’ frequency, but this diagram only extends to an attenua-
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Phase-Change Curves.

Fig. 2 shows wave-length constant calculated in terms of
degrees per loading coil section for the 40 Ib. case. It is
notable that, except at the extreme ends of the range of trans-
mission, the phase change of the loaded line is practically
identical with the corresponding resistanceless filter.

The calculated curve which is based upon the line con-
stants of the Glasgow-Ayr cable, is in close agreement with
measured values up to 2400 p.p.s. (70% of the cut off fre-
quency), and even above this frequency the divergence is but
small.

Characteristic Impedance—Half Section Temination.

Fig. 3 shows curves of characteristic impedance of the
loaded line that is under consideration, plotted against a
frequency base. The calculated curves refer to 20 lb. con-
ductors and represent the real and imaginary components of
the impedance that would be measured at the beginning of
a long length of loaded line when the distance to the first
loading coil is 1000 yards, that is, half a full loading section.
The light broken curves were plotted from measurements in
an actual case. Curves have also been drawn to indicate the
impedance of the equivalent low-pass filter. The real part is
practically identical with that of the loaded line except at the
low frequencies, where the curve continues horizontal instead
of turning up as in the case of the loaded line. The
imaginary part of the impedance of the filter is so small in the
middle of the range that it is only possible to indicate it satisfac-
torily on the diagram at the low frequencies and at frequencies
near the cut off. The curve of the unreal component of the
impedance of a line with 4o 1b. conductors would lie about
midway between those of the 20 Ib. loaded line and the filter.
There is a close relationship between the attenuation and the
magnitude of the imaginary component of the characteristic
impedance, and in an ideal filter with no resistance, the
impedance would have no imaginary component. The
impedance curve of unloaded 20 lb. conductors have been
included in the diagram—it may be noted that the loaded and
unloaded impedance curves are asymptotic to each other at
low frequencies.

Half-Coil Termination.

Fig. 4 is a further set of impedance curves—these are for
half-coil termination, that is to say, for a line commencing
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with a half value loading coil—60 mH.—followed by a full
loading section. The impedance grows smaller as the fre-
quency approaches the cut off, instead of rising as with the
half-section termination. Measurements of impedance curves
for half-coil termination in this loading are not available.

Half-Coil and Half-Section Terminations.

The two methods of terminating a loaded line, which as
far as possible are used in practice, corresponding to the two
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sets of impedance curves of Figs. 3 and 4, are illustrated
in Fig. 5. When speaking of lines these are usually referred
to as half-section termination and half-coil termination respec-
tively, but it is usual to speak of a filter as having a mid-
shunt or mid-series termination. When filters are terminated
in either of these ways the characteristic impedance through-
out the transmitting range—in the ideal resistanceless case—
is non-reactive.

It is clear that, apart from the method of dealing with
the end, the two lines are identical and, indeed, the mid-shunt
and the mid-series impedances are equally characteristic of a
filter (or of a loaded line).

Filter built up of *“ Half-Sections.”’

The lowest diagram, representing a filter terminated at
mid-series, has been drawn split up into ‘‘ half-sections,”
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each of which are equal, but alternate ‘‘ half-sections ’’ are
reversed.

Let it be supposed that the filter is continued to an
indefinitely large number of sections to the right and that
the left hand end is closed by the mid-series characteristic
impedance of the filter. If the filter be cut at 11 the junction
between two half-sections, looking towards the left and also
to the right,-the impedance seen will be the mid-shunt
characteristic impedance. If the filter be cut at 22 it is the
mid-series characteristic which will be presented and at
successive junctions the two impedances will alternate.

A filter such as is represented in the diagram can be
conceived as being built up of half-sections placed ¢ back to
back.”” The half-section is the smallest part of such a
structure which is representative of the whole and may be,
perhaps not inaptly, described as a filter reduced to its lowest
terms.

Balanced and Unbalanced Filters.

The diagrams of Fig. 5 show each inductance divided
between the a and b wires of the filter. From a theoretical
point of view the same effect would be obtained by concentrat-
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ing all the inductance in, say, the a wire, the b wire then
being without impedance. In practice the balanced arrange-
ment, with division of the series impedances between the two
wires, differs in its effect from the unbalanced type only in so
far as the presence of capacities to earth are important.

General Formula for Characteristic Impedance.

Taking an unbalanced diagram, for simplicity, of two
half-sections of a filter, shown at (c), and calling the
impedance of series elements z, and of the shunt elements z,,
one can represent a whole mid-series section as at (d).

2, Z, z z L L

—NAA ey T AAAN st \ NS Nt —MIW—
4 > 4 % _I_ 2C

@) @) )

In Appendix I. it is shown that the mid-series character-
istic impedance is given by the formula

Loy = N 218 B (I)

To make the diagram represent a low-pass filter section,
it is necessary to substitute an inductance L for z, and a
capacity C for z, as shown at (¢). The impedances z, and z,
are both imaginary, z, being positive = joL and Z, negative

= ! The effect of this on the formula for characteristic

joC ° o
impedance is to introduce a negative sign thus:—
Zoo = V153 — [ 202 oo (2)
So long as the magnitude of z, is greater than that of z
the quantity under the root is positive. When |z|=]z|

7., = o and when |z,|<{|z;| the quantity under the root
is negative, Z,, necessarily being unreal in this case.

Cut Off Frequency.

The frequency which lies at the boundary between real
and unreal characteristic impedance is the ‘‘ cut off ’ fre-
quency and, since this occurs when |z, |=]|s,], the formula
for the *‘ cut off *’ frequency of a low-pass filter is the same
as that for the resonating frequency of a simple tuned circuit,
i.e.,
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w = IO (3)

Formula for Mid-Series Impedance.
Substitution in equation (1) gives the formula

L 2
ZOl - \/E - (UZL‘

which can be written, with the aid of equation (3), in the form

Z, = u)UL\/ 1 - <(:;>2 ................................... (4)

Nominal Impedance.

At low frequencies Z,, = w,L. and this is referred to as
the nominal impedance of the filter and is designated by the
letter K.

Characteristic Impedances of Low-Pass Filter.

Fig. 6 shows the curves of characteristic impedances of a
resistanceless filter, whose cut off frequency is 1000 p.p.s.,
plotted against frequency. The inductances and capacities
have been chosen to give a nominal impedance of 1000 ohms.
It has been assumed that no resistance is associated with
either inductances or condensers. As might be expected
from an examination of the circuit the impedance in the mid-
series case, after cut off, is asymptotic to the straight line
through the origin representing the impedance of the induct-
ance L. This line, at the cut off frequency, passes through a
point corresponding to 1000 ohms, for w,. = K

The corresponding curves for mid-shunt termination are
also given, the equation being

ool

D —

The impedance, after cut off, approaches more and more
closely to that of the terminating condenser, which is inversely
proportional to the frequency, passing through -~ 1000j at the
cut off frequency.

Zoz =

Propagation Characteristics.

The propagation constant y for a symmetrical network,
of = or T forms, is most readily calculated from the formula
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2

where 2, and z, have the same significance as in formula

previously given for characteristic impedance.

Substitution
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of appropriate values for these quantities gives, for a com-
plete section of a resistanceless low-pass filter, the formula

coshy=1—z<“'>2 .................................... Gl

g

Transmitting Range.

e is the vector ratio of current (or volts) at the beginning
of a section to current (or volts) at the end of the section,
forming part of an infinite chain of identical sections. In the
transmitting range in the resistanceless case this is equivalent
to a change of phase only and the angular change of phase ¢
is given by the equation

cosh y = cos ¢

Attenuating Range.

In the attenuating range the magnitude of cosh y is
greater than unity and y can be conveniently found from
tables of hyperbolic functions and, if desired, expressed in
decibels.

The attenuation and phase change per section for a low-
pass filter, without resistance, are represented in Fig. 8. The
curves for a filter in which the effective resistance of the

. .1
inductances is —ZEOf the reactance values are shown by broken

lines where the curves are appreciably different from those of
the resistanceless filter. This ratio of resistance to reactance
represents approximately the power factor obtainable in a coil
with a core formed of iron stampings with an air-gap. If the
curves had been drawn for a ratio of 1: 250, such as is obtain-
able with coils wound on dust cores, the curves would have
been almost indistinguishable from the ideal resistanceless
case except in the immediate neighbourhood of the cut off
frequency. A ratio of 1:50 is obtainable with air-core coils
of reasonable size.

Examination of the Mode of Action of a Filier.

At this stage an attempt may be made to throw some light
on the action of a filter in transmitting a certain band of
frequencies while discriminating against others. An electric
filter is essentially a structure consisting of inductances and
condensers which are incapable of absorbing power. In so
far as the filter elements may be considered as being free
from resistance any power which one can succeed in impress-
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ing on the filter at its input terminals must of necessity be
delivered without loss at its output terminals.

If the output terminals of the filter are closed by a resist-
ance of the same order as the nominal impedance of the filter,
the input impedance will be sufficiently non-reactive, up to
within, say, 10 per cent. of the cut off frequency, to allow of
efficient transfer of power from apparatus approximating in
impedance to the nominal impedance of the filter.

In the attenuating range, coupled with an imaginary
characteristic impedance, a filter consisting of several sections
has, in general, a rapidly increasing attenuation constant,
with the result that, at frequencies a few per cent. past the cut
off, the input impedance is hardly affected by the impedance
closing the output terminals. The input impedance is
practically indistinguishable from the characteristic im-
pedance of the filter and the smallness of the amount of power
transmitted to the terminal apparatus throughout the attenuat-
ing range could be attributed to the imaginary nature of the
input impedance.

It is true that attenuation of current and voltage does
take place in a filter in the attenuating range, but, as in the
ideal case, during their passage through the filter, current
and voltage are go° out of phase attenuation of power does
not take place. The simple relation between the series and
shunt elements which determines whether the ratio of currents
(or volts) between the beginning and end of a section forming
part of an infinite series of such sections shall be in the nature
of attenuation or of change of phase only has been pointed
out. This is a mathematical relation inseparable from the
existence of impedances of opposite sign.

Interaction of Impedances of Filter Elements.

A brief explanation of the interaction between the series
and shunt impedance elements of a filter in the transmitting
range may be useful. Let the diagram at (f) represent an
ideal half-section of a low-pass filter, terminated by a resist-
ance equal to its nominal impedance K. At a low frequency,

say, at a frequency which is-In—th of the cut off frequency f,,

the impedance of the capacity is high compared with K. Its
value will be —jnK. (The impedance of the capacity C, and
of the inductance L are both equal, in magnitude, to the
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nominal impedance of the filter at the cut off frequency.
Reference should be made to Fig. 6). The joint admittance
of the condenser in parallel with K is

XL !
K 7 7K
The corresponding impedance, looking right from 22, is
I ]
K nK

T \? < 1 >2
— ) +
Now, since nK, at a low frequency, is big compared with K,
2

I . . .
the term( K in the denominator can be crossed out with-

out introducing appreciable error. The expression for the
impedance, looking right from terminals 22 then becomes

. . K
K_]n
fo

w which is under consideration, the

But, at the frequency

impedance of the inductance in the series arm is + 1=

The effect of this is to nullify the reactive component in the
impedance seen from 22, so that the impedance, looking
towards the right from 33, is non-reactive and equal to K.
This result holds for all frequencies remote from cut off in
the transmitting range and the network, used as a link
between pieces of apparatus of resistance K, will transmit
power without transmission loss at such frequencies.

At frequencies nearer the cut off frequency at. which it is

I \?,
not permissible to neglect the term (ﬁ(> in the expression
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for the impedance seen from 22, the impedance at 33 will only
be non-reactive when the resistance closing terminals 11 is
made greater than K—when the resistance is made equal to
the mid-shunt characteristic impedance of the filter at the
frequency under consideration. The impedance measured
between terminals 33 under these conditions will be the
corresponding mid-series characteristic impedance which is
smaller than the nominal impedance K. For zero trans-
mission loss the resistances of apparatus connected to 11 and
33 must be equal to the mid-shunt and mid-series character-
istic impedances, respectively. As the cut off frequency is
approached, to meet the conditions for zero transmission loss
it is necessary still further to increase the one resistance and
reduce the other until, finally, at the cut off frequency, the
scheme breaks down.

In Fig. 8, attenuation constants have been plotted in
decibels, even though in the resistanceless case, as has already
been pointed out, attenuation of power cannot take place.
The words ‘‘ attenuation units >’ might perhaps have been
used on the diagram in an attempt to allay scruples
engendered by thoughts of the official definition of the decibel
in terms of a power ratio. One would, however, be justified
in pleading the resistanceless filter as a limiting case, for
where even a little resistance is present the use of a unit so
defined can be justified.

Use of Ratios to represent Impedances and Frequencies.

Curves of characteristic . impedances and propagation
constants have been drawn for a filter whose nominal
impedance is 1000 ohms and whose cut off frequency is 1000
p.p.s. The corresponding equations have already been given

in a form dependent upon the ratio —

and o,L, the nominal
Wy

impedance. If, instead of plotting the curves against a fre-

quency base, they are plotted against the ratio , and

[}
impedances are plotted in terms of the nominal impedance K,

the curves become of general application to all simple low-
pass filters whatever their impedance and cut off frequency.

Input Impedance.

The input impedance Z, of a filter terminated at its out-
put terminals with a resistance R is given by this formula
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R

1 - — 2 . g™

1+ ——pm— e T
Zon

where r is the propagation constant of the whole filter and
Zys and Z,g are the appropriate characteristic impedances at
the sending end A and receiving end B, respectively. This
formula assumes that the filter is terminated at ends A and B
at mid-shunt or mid-series, where the ideal impedances are in
the nature of resistances. One end can be terminated at mid-
shunt and the other at mid-series, but in this case there will
be an odd half-section for which the propagation constant is
to be reckoned at half that for a complete section. The pro-
pagation constant of the whole filter is obtained by adding
the propagation constants of the constituent sections and
half-sections.

Input Impedance in Transmitting Range.

In the transmitting range of the filter (in the ideal case)
the vector el is of unit length but of changing angle. At
frequencies at which e = o, 180°% 360°, etc., the formula
reduces to

Z, = 7, x % ............................................. (10)
At frequencies where e¢T = go° 270°..... the formula
becomes
Z, = Zys % Lo . (11)
1 R

The input impedance is non-reactive at both sets of fre-
quencies.

Taking the case where Z,» = Z,z (i.e., where both ends
are terminated at mid-series or both at mid-shunt), at the first
series of frequencies Z, = R and at each of the second series
Z — ZOAz

! R
either side of the curve of characteristic impedance Z,,.

These are points of maximum divergence on

* See Bibliography 3.
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Fig. 10 shows the phase shift per section throughout the

‘transmitting range of a simple low-pass filter. Below is the
curve of mid-series characteristic impedance (Z,.) together

with the curve of

2
Zoa

R

for the case in which R = the nominal

impedance (K) of the filter.

By reference to the upper curve, points can be marked

out, corresponding to total phase shifts of 0°, go°, 180°,

180r-
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270° . . . . 540° through which the curve of input impedance
of the (three section) filter must pass. Drawing a fair curve
through these points, oscillating between, and tangential to,
0A2
R
input impedance can be obtained.

K and the curve of

, an approximation to the curve of

Transmission Loss in the Transmitting Range.

The transmission loss, over the transmitting range,
caused by the insertion of the filter between a generator of
internal resistance R and the load resistance R, will be
dependent in the ideal case on the impedance presented to the
generator, since no power is lost in the filter. The loss corre-

. Z,\?
sponding to the curve —I‘)i‘— has been calculated from the
formula for terminal loss : —

R+ 7

24/ RZ
The transmission loss due to the filter will oscillate

between this curve and zero, since when Z, = R there will be

no loss due to the interposition of the filter between the
generator and the load resistance R.

T = 20log

The curve sketched will be an approximation to the
theoretical transmission loss. It is seen that the loss does not
exceed .6 db. up to a frequency equal to go per cent. of the
cut off frequency. Above this point losses due to the resist-
ance, which must be present in an actual filter, result in
marked restriction of the amplitudes of the oscillations, but,
by adding the loss corresponding to the total attenuation
constant of the filter, a fair approximation to the curve of
transmission loss of the filter would be obtained up to .9 w,.

Transmission Loss in the Attenuating Range.

In calculating the transmission loss in the attenuating
range, if there are several sections, the effect of the load resist-
ance R on the input impedance can be neglected since the
filter is equivalent to a long line—long, that is, in the elec-
trical sense. The formula given for calculating the terminal
loss—equation (12)—can be used in this case, but it is neces-
sary to remember that the quantities concerned are to be
treated as vectors. Allowance must be made for terminal
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losses at each end of the filter. Curves of terminal loss are
given in Fig. 11.
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25

Fig. 12 shows the loss in the attenuating range of the
three-section low-pass filter. The broken line corresponds to
the total attenuation constant, converted to decibels, and it
will be seen that the two curves differ by about 6 decibels.
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In general, the loss caused by a filter in the attenuating range,
due to negative terminal losses, is less than what one might,

speaking loosely, describe as the theoretical loss.

As this

difference is largely independent of the number of sections it
will be realised that when, it may be, only one section is
employed, the difference represents an important factor in

the efficiency of suppression.
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Simple High-Pass Filters.

The basic type of high-pass filter corresponding to the
simple type of low-pass filter with which this paper has been
dealing can be obtained by transposing the positions of
inductances and condensers, as will be clear from a com-
parison of Figs. 6 and 7. If the elements of each half-section
of a low-pass filter are transposed, the resulting high-pass
filter will have the same cut off frequency and the same
nominal impedance as the low-pass filter from which it has
been formed. The attenuation and phase-shift curves of a
simple high-pass filter are drawn in Fig. 9. As its name in-
dicates, a high-pass filter passes freely all currents of higher
frequency than the cut off while attenuating those of lower
frequency. The curves corresponding to a ratio of resistance

. . i .
to reactance in the inductances of 25" where they differ

appreciably from the ideal curve, are shown by broken lines.

Nominal Impedance.

The nominal impedance of a high-pass filter is the
characteristic impedance at frequencies much higher than the
cut off frequency.

High-Pass and Low-Pass Filters Complementary.

It will be realised from a comparison of Figs. 6 and %,
and 8 and g, that there is a strong family likeness between
the high-pass and low-pass filters. The two filters are, in
fact, complementary and the formulze given for the low-pass
filter will apply to the high-pass filter if altered by writing

<w° ), instead of < ot >, wherever it occurs. The formula
) w,

for the cut off frequency is, as already indicated, the same for
the two filters.

After having dealt at some length with the simple low-
pass filter, one feels that some apology may be necessary for
dismissing the high-pass filter in so few words; but, in fact,
the relationship between the two classes of filter is so close
that no difficulty should arise in applying the discussion of
the low-pass filter to the high-pass case. With the analogy
of the loaded line in mind it is likely that a majority of
electrical engineers are able to think more easily in terms of
the low-pass filter than of the high-pass filter and accordingly
the low-pass filter will be further considered.
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Impedance at a point between Mid-Series and Mid-Shunt.

Reference has already been made to the alternation
between the mid-series and mid-shunt characteristic im-
pedances at successive junctions between half-sections. Fig.
13(a) represents a filter closed at each end by networks simulat-
ing the appropriate (mid-shunt) characteristic impedance. At
11, 22, 33, the filter has been shown with terminals at points
of mid-section. At 44, however, the terminals have been
placed at a position which is beyond the mid-shunt point.
The impedance in the transmitting range, looking left from
44, is shown in Fig. 13 (d), the curve A being the real com-
ponent and B representing the imaginary component. Look-
ing right, the real component of the impedance is also repre-
sented by the curve A—the imaginary component is repre-
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sented by curve C which is a reflection of curve B. In short,
the impedances in the two directions are conjugate. This
relation exists in any ladder network for any lines of section,
within the transmitting range. The diagram is shown, how-
ever, to draw attention to the shape of the A component curve.
A filter with a non-reactive characteristic impedance curve of
that shape would match up well with apparatus of constant
resistance, and terminal reflections would be negligible, since
the curve does not vary by more than 1o per cent. from K up
to a frequency 10 per cent. below the cut off frequency. The
addition of an inductance in series with the impedance, look-
ing left, (curves A and B), would reduce the imaginary com-
ponent considerably; and a carefully chosen parallel com-
bination of inductance and capacity might be expected to
achieve a much better result. Actually, a correctly pro-
portioned parallel resonant circuit, placed in series with it,
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renders the impedance exactly non-reactive over the whole
transmitting range.

Derived Section.

Using values of capacity and inductance, indicated in
Fig. 13(b), between 11 and 22, a derived half-section is
obtained which has a characteristic impedance at mid-series,
i.e., at 22, represented by the curve A in Fig. 13(d). (The
normal mid-series impedance is shown by the broken curve
D, for comparison).

Characteristic Impedances of Derived Section.

At mid-shunt, however, i.e., at 11 and at 33, the character-
istic impedance of the section is identical with the mid-shunt
impedance of the ordinary simple low-pass filter, not only in
the transmitting ranges but at all frequencies. Two half-
sections placed to form a complete derived section are shown
between two mid-shunt sections of the simple type. The
impedances, looking right and left at 11 and also at 33, will
therefore be equal.

Derived Section included in Filter.

The derived section is included in the filter without
giving rise to internal reflections at its junctions with the
sections of simple type when current is transmitted through
the filter.

Derived Section used to terminate a Filter.

The special character of the impedance of the derived
section at mid-series can be used to terminate a filter designed
to connect apparatus of constant resistance, giving but a
negligible amount of reflection. This is illustrated in Fig.
13(c). The striking impedance properties of this type of
section are accompanied by propagation characteristics which
are shown in Fig. 15(a).

Propagation Characteristic.

The propagation characteristics of the simple low-pass
filter are shown by broken lines for comparison. The attenua-
tion constant of the derived section becomes infinite at the
resonant frequency of the parallel circuit. forming the series
arm—infinite, one should say, in the purely theoretical case
in which resistance is supposed to be absent. The maximum
attenuation shown corresponds to that attainable with induct-
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ance coils in which the ratio

characteristic at mid-series is shown in Fig.
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Attenuation after Critical Frequency.

The attenuation constant of the section from this point
of resonance onwards is dependent upon the numerical ratio
between the impedances constituting the series and shunt
arms, which are henceforth of the same sign, as in a section
of non-reactive artificial cable.

Mid-Shunt and Mid-Series Derived Sections.

The derivation of special sections, such as the one dis-
cussed, is dealt with in Appendix 1. The type of section that
has been described is known as the mid-shunt type of derived
section because of its property of matching the impedance of
the parent section at mid-shunt. The relations between the
elements composing the parent section and the derived
sections are illustrated in Fig. 16, together with the corre-
sponding mid-series type of section, for high-pass, as well as
low-pass, filters. The constant m can have any value be-
tween o and 1—for the simple parent types of filter, m = 1.
The curves of impedance of derived fiiter types given in Fig.
14 will make clear the relations between the derived types.
The propagation characteristics of the mid-series and mid-
shunt types of sections having the same value of m are
identical.

Attenuation Characteristics of Derived Sections.

The attenuation characteristics for a series of values of
m are given in Fig. 20. The attenuation at the critical fre-
quency in each case has been indicated to correspond with a

ratio —rL in the inductances of .01 — the broken lines corre-
w

spond to maximum attenuations for *‘ dissipation constants *’
of .02 and .04.

Use of Derived Sections to obtain a desired Loss-Frequency
Characteristic.

The special attenuation characteristics of derived sections
can be employed to obtain almost any type of desired loss-
frequency curve in the attenuating range by suitable com-
binations of these sections with the simple type of sections to
form a filter. Thus, for instance, if it is desired to obtain a
high attenuation at a frequency as near to the cut off as
possible sections in which m has a low value, say, .4, should
be included. By making use also of sections of simple type
(m = 1) or sections in which m has a value of, say, .8, the
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attenuation can be kept up to a predetermined value at fre-
quencies remote from cut off. Such a composite filter can be
considered as being formed from a uniform filter, composed
of sections of the simple type, by replacing complete sections
by the corresponding types of derived section. Thus a com-
plete mid-shunt section of simple type can be replaced by a
complete derived section of mid-shunt type which should have
the same cut off frequency (w,) and the same nominal
impedance (K) as the filter in which it is to be incorporated.
If-a heavy attenuation is required at a particular frequency,
a section whose maximum attenuation occurs at this fre-
quency would be included. The use of half-sections, in
which m = .6, for the termination of filters has been men-
tioned.

Reciprocal Relation between Mid-Series and Mid-Shunt
Derived Sections.

Fig. 17 gives curves of mid-series impedance of mid-

18| LOW-FHSS FILTERS - CHARACTERISTIC IMPFDANCES
MID SERIES IMPEDANCES OF MIDSHUNT SECTIONS
TRANSMITTING RANGE.

Fig 17

Lym
K

CHARACTERISTIC IMPFDANCE
NOMINAL IMPEDANCE

Fic. 17.
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shunt types of derived section in the transmitting range.
The corresponding curves for the mid-shunt impedance of the
mid-series type of section will be reciprocal to this series of
curves. Fig. 18 gives curves of mid-shunt impedance of mid-
series derived sections in the attenuating range—the reciprocal
relation holds also in this range.

LOW-FHSS FILTERS - CHARACTERISTIC IMPEDANCES
MIO-SHUNT IMPEDANCES or MID-SERIES SECTIONS
ATTENUATING RANGE.

Fig 18

Fic. 18.

Mutual Inductance Filters.

Complete sections equivalent to the mid-shunt derived
type can be formed by the use of negative mutual inductance
by the circuit shown below : —
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M

—_ 1T .

©9)

This form was used by the P.O. Engineering Depart-
ment in early types of two-wire telephone repeaters. An
interesting point is that, if positive mutual inductance be
employed, the section produced corresponds to a value of m
greater than 1. Some of these curves are shown in Figs. 19

Qy

LOW-AUSS FILTERS - PHASE CHANGE PER SECTIOV B9

FPHASE CHANGE PER SECTION - DEGREES
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and 20. A method of calculating the values of the elements
required to form such a section is given in Appendix II.
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Relation between High-Pass and Low-Pass Filters.

As in the case of the parent types the equations for the
corresponding types of high-pass filter can be obtained from
the equations for low-pass derived filters by substituting

w
pass and high-pass derived filters are shown together in
Fig. 16. The curves for the low-pass ‘‘ m-type’’ can be

w (I) . .
<J°—> for <w—> wherever this ratio occurs. Formulz for low-
0

used for the corresponding high-pass types by reading<%>
w

for <wi) as the quantity represented by the abscissz.

0

Use of Filters in Combination.

A filter can be employed to cut out unwanted frequencies
or to reduce the efficiency of transmission of a range of fre-
quencies, as, for instance, in a two-wire telephone repeater,
as mentioned at the commencement of this paper; but prob-
ably the most important use to which filters are put is the sub-
division of a band of frequencies available for transmission of
signals into two or more separate channels, in such a way
that mutual interference between the channels is kept within
the limits of allowable cross-talk. This function is per-
formed by filters in the cases of ‘‘ Sub-Audio Telegraphy,”
‘* Voice-Frequency Telegraphy '’ and *‘ Carrier-Current
Telephony,” to which cases attention has already been
drawn.

In order that this shall be accomplished without
appreciable losses due to reflections, it is necessary to arrange
that the filters employed shall be terminated by impedances
corresponding fairly well with their characteristic impedances
throughout their transmitting ranges.

The usual method of separating two groups of frequencies
and their direction into separate channels is indicated in
Fig. 21 in the two lower diagrams.

High-Pass and Low-Pass Filters used in combination.

The two filters, high-pass and law-pass, usually have
the same cut off frequency—all frequencies above f, pass from
the line through the high-pass filter to apparatus of resistance
K with which it is terminated. Frequencies below f, pass
through the low-pass filter. The ends of the filters which are
connected to the line are terminated at a point in the series
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arm which is beyond mid-series. The last series element in
each of the filters normally has an impedance 1.6 times that
of the series element of a true mid-series termination.

(The filters shown in Fig. 21 have been designed with the
cut off frequency of the high-pass filter above that of the low-
pass filter, and in this case a series element 1.5 times the
normal value is more appropriate, but the principle remains
the same).

In the transmitting range of the low-pass filter the extra
inductance of -6 L in the series arm, together with the input
impedance of the high-pass filter, forms what is practically a
half mid-shunt derived section, in which m = -6. (The high-
pass filter, being in its attenuating range, has an input
impedance roughly equivalent to the series capacity and the
first shunt inductance in series). It has been pointed out
earlier what an excellent termination to a filter can be formed
by using a half-section, in which m = -6. The low-pass
filter enters into the termination of the high-pass filter in a
similar way, with the result that the joint impedance of the
filters, seen from the line, is practically non-reactive over the
whole frequency range and equal to K, except in the imme-
diate neighbourhood of the cut off frequency. Both the high-
pass and the low-pass filters are well matched as regards
impedance throughout the transmitting range and transmis-
sion between the filters and the line takes place with a
negligible amount of reflection. This arrangement of filters
is used in carrier-current apparatus for the separation of
speech currents and carrier-currents and also for separating
higher frequency and lower frequency carrier-currents where
this is necessary.

A combination of high-pass and low-pass filters having
been used in this way to provide higher and lower channels,
each of these channels can be further subdivided in the same
way, but band-pass filters are generally used when a division
into more than two channels is required.

No attempt has been made to deal with band-pass filters,
but it should be mentioned that by combining a low-pass and
a high-pass filter in series the effect of a single band-pass filter
may be obtained. If this is done it is desirable to make use
of m-type terminations to avoid reflections at the junctions of
the two filters.

Example of Filter Design.
Fig. 21 has been included as an example of filter design—
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the development of the structure from the component sections
and half-sections is shown and will afford an illustration of
the building up of a composite filter.

The calculated performances of the two filters, taking
account of terminal losses in the attenuating ranges, for trans-
mission between the line and the terminal apparatus, are
shown in Fig. 22 by the full lines. In the case of the low-
pass filter a record of the measured transmission loss is shown
by the broken line. The reason for the discrepancy in the
attenuation curves is not known, but the agreement in the size
of the peaks and the general shape of the curve is good. The

. 7
ratio of

I L
was taken at . which is somewhat better than

wl. .
the ratio for the actual coils used in the filter, but this would
only affect the curve by emphasising the height of the peaks.
The broken line in the high-pass case shows the total attenua-
tion constant of the filter. The net terminal loss with this
combination of filters is positive in the attenuation range, due
partly to the low resistance of the line in parallel with the real
input impedance of the other filter which is in its transmitting
range, and also to the fact that the current which does reach
the end of the filter is divided between these two resistances.
The terminal loss at the critical frequency of the terminal half-
section adds 13 db. to the transmission loss at this frequency.

The matter that has been presented is, for the most part,
available in books and periodicals, but it is hoped that this
paper may be found useful as an introduction to the study of
electric filters. It is, to some, a subject of absorbing interest,
but it is difficult to communicate one’s enthusiasm for what
may appear to be, at first sight, complicated and dry abstrac-
tions.

In conclusion, it is fitting to pay tribute to the genius of
Otto J. Zobel. The theory underlying the derivation of the
““ m-type ’’ sections and their use to eliminate reflections and
in the production of filters with almost any desired transmis-
sion characteristics, surely form a piece of work, which for
beautiful simplicity, is equalled in the field of electrical com-
munication only by Carson’s system of carrier-current trans-
mission.
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APPENDIX 1.

Characteristic Impedances and Propagation Constants
of Ladder Type Networks.

2833 3383 SR EN
=
z z, 2z,
2 3 z
" Hucd Storoec Saction 111l Shurt Section
& ®©
z, 2z, 22, 2z, .
*)
25 2z, 2z, __
3z, % Y
) B

Let the diagram (a) represent a series of ‘‘ half-sections,”’
the impedance of each series element being denoted by z,
and that of the shunt elements bv z,. By combining two
half-sections, symmetrical mid-series and mid-shunt sections
can be formed as shown at (b) and (c) respectively. By com-
bining the whole series of half-sections the recurrent structure
of (d) is obtained. This can be imagined as built up of a
succession of mid-series sections identical with the section
shown at (b), but if the network is terminated at a mid-shunt
point, as shown at (e¢) the network can be considered to be
built up of a succession of mid-shunt sections similar to the
section shown at (c).
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If the network at (d) is imagined to consist of an infinitely
large number of sections, the impedance measured between
terminals 1.1. will be the mid-series characteristic impedance
of the network, which in this paper is denoted by Z,,.

2, 2
—— —
F3
-——
2

I Z

At (f) is shown a mid-series section with terminals 2.2.
closed through its characteristic impedance Z,,. The im-
pedance that would be measured between terminals 1.1. would
be Z,,. (This arrangement is equivalent to adding one more
section in front of the infinite series at (d) ).

The impedance between 1.1. is equal to the impedance of
the series arm (z;) plus the impedance of z, and Z,, in shunt

with —22— . The following equation may, then, be stated : —

~
“~2

(51 + Zo)

Lo = 5, + =
2

+ 3z + Z,
2

From this the mid-series characteristic impedance is

found to be :—
o = N 218 B e (1)

nihk

I q) 2

The corresponding expression for the mid-shunt charac-
teristic impedance can be obtained in a similar way. (g)
represents a mid-shunt section terminated by its characteristic
impedance Z,,. The impedance of z, in parallel with Z,, is

Z . . . . .

_#2%02 | The addition of 23, in series brings the im-

2o + Lo,
25,5, + Zgo(22, + 2,)

5o + Zos

pedance to
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Putting 2, in parallel with this impedance we may write :
. 25,2, + ZLoy(23, + 2,)
Zy, = By —>3
2,% + 22,2, + 2Zy,(2, + 3,)
and from this equation the expression for the mid-shunt
characteristic impedance is found to be : —

Ly = mmmmmiee e, (2)
o N 5.8, + 2,°

Considering the diagram at (f), if I, and I, are the cuirents at 1. and
2. respectively, when a source of po“er maintains a voltage between
terminals 1.1., the propagation constant, y, of the section may be defined
by the equation:—

An expression for ey can be obtained as follows :—
The current I, divides at mid-section between the shunt and series

. . . z
paths in inverse proportion to their impedances, z”— and z, + Z,,

respectively) :—

I 32*+51+Z01
_L=i_—) =14
Iz %2 z Ly

2
Substituting for Z,, from equation (1)

I z 2
e~/=Tl-=1+%zL L“/Z‘——;—l ................................... (s)
% X

In the case of a filter such as a simple low-pass filter z, and z, are both
imaginary and of opposite sign. (This is so in the case of any filter in
the transmitting range.) Writing j|z,| for 5, and —j|z,| for z,:—

I z 2
Il =1 —2 }i ZN/I 217, | — [zl L e, (6)
2 2 _”22!

The expression 4/ |z,2,| —|2,2[, (mid-series characteristic impedance), i

real so long as |s, >|«..1[—'Ihe third term, however, due to the presence

of § in the denominator, is unreal. The magnitude of % is therefore
given by the expression :— ?

[ = N[ = 2] (2T
R N I

. i . .

The above expression forAI—L reduces to unity; so that if |z,{>]z,|, (these
2

impedances being of opposite sign), currents are not attenuated during their

passage through the filter section. (It is to be remembered that the

section under consideration is supposed to be terminated by its character-

istic impedance).
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When z, < 2, all the terms on the right hand side of equation (6) are
real and
Il
I
That is attenuation takes place, since the current leaving the section at 2.2.
is less than that entering at 1.1.

>1

In practice, it is convenient to calculate the wvalue of
cosh y and thence to determine y. The required formula
can be found by making use of a well known relation which
applies if the terminals 2.2., in diagrams (f) or (g), are
short-circuited, namely : —

Lo coshy *
L,

Considering the mid-shunt section of diagram (g):—
Terminals 2.2. are to be supposed short-circuited. The
current I, will divide in inverse ratio to the impedances z,
and 2z, of the two parallel paths, whence : —

1, 23, + 2,

orcoshy =1 +

~
“~2

Writing j|z,| for 2, and —7|2.] for 2, :—

e
“1

coshy =1 -2

Zs

It can be shown, from consideration of the expanded
expression for the hyperbolic cosine of a complex quantity,
(cosh (a + jb)) that when cosh vy is real and lies between the
values +1 and -1 that ¢ = 1. That is, attenuation in the
‘“ infinite line ’ condition does not take place.* At fre-
quencies at the boundary between the transmitting and
attenuating ranges—‘‘ cut-off ’ frequencies—where cosh y
= +1 0or —1I, by equation () :—

-
~1

=00r —1

3]

o

In obtaining values of y in the attenuating range, for the
ideal resistanceless case, from tables of hyperbolic functions
it is to be noted that when cosh y is negative and < - 1, y has

* See J. G. Hill’s ** Telephone Transmission,” page 363.

* See page 16 for the interpretation to be assigned to y within this range.
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the same value as in the case of the corresponding positive
value of cosh vy, but that the attenuation is accompanied by
a phase-change of 180°.

Derived Sections.

z, z, mz, mz, mz, mz,
, R
z EN Zm &
2 2 Za
2m
*) (%) )

At (h) a normal mid-series filter section is depicted—at

(k) a section of the same form is shown, but the series arms

have impedances m times as great as those of the normal
~ 7

section. The shunt arm impedance has been called 1;7

If the expressions for the mid-series characteristic impedance

- !
of the two sections are equated a value for ~2- can be

found so that the sections at (a) and (b) shall have the same
characteristic impedances. Then applying equation (1) :—

N 22, + 2 = ¥Vmzz, + miz?
2
1 - m Sy
Whence 2," = 2, - ——u + 2 . 8)
m m

The new section, having the same characteristic
impedance as the ‘‘ parent ’’ section at (k) is shown at (I)
and is known as a mid-series type derived section. The
reduction in the impedance of the series arm, (for m is
normally less than unity for a realisable network), requires,
in addition to a corresponding increase in the value of the

2

ot the addition of an element in series

shunt impedance to

with it of the same nature as the series arm impedance Z,.

A corresponding mid-shunt type of derived section can
be found by a similar method.

ém
T-mz 5
2z, 22" r-nmj .
2mz,
Z Z Z 22 2 Z
= m m ™ ™

) 2 @



48 ELECTRIC WAVE FILTERS.

The figure shows the parent mid-shunt section at (#) and
a section at (p) in which the shunt elements have been altered

Zq

to —— . Equating the characteristic impedances obtained
m

in accordance with equation (2):—

This equation will be found to be compatible with the
derived section shown at (q). This section has the same
characteristic impedance as the parent section at (n).

Applying these results to filter networks, since the
derived sections have impedances which must correspond at
all frequencies with those of the parent sections, the derived
sections’ impedances must change from real to imaginary at
the same frequency as that of the parent section. The trans-
mitting and attenuating ranges therefore correspond. As,
however, equation (7) indicates that the propagation constant
depends upon the ratio between the series and shunt
impedances of a section, the derived sections will necessarily
have different propagation characteristics from those of the
parent type of section.

Simple low-pass and high-pass filters—filters in which
each series and shunt element consists of either inductance or
capacity—not a combination of these—have the property that
the product of the impedances of the shunt and series elements
is a constant at all frequencies. Thus in the case of a simple

low-pass filter 3,5, = ’wL = Lf = K? where K is the
](l)(/ (/

(%3

nominal impedance ’ of the filter. Such filters have been
described as of *‘ constant K’ type by Zobel. There are
‘““constant K’ types of band-pass, band elimination and
other types of filters and in general the constant K type in
which series and shunt elements are *‘ reciprocal networks ’’
may advantageously be considered to form the basic type
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for filters having given frequency bands of transmission and
suppression.

It will now, therefore, be assumed that the networks
shown in diagrams (a) to (e) are of ‘‘ constant K’ type.
Reference has been made in the main part of the paper to the
more general application of impedance curves when plotted
in terms of nominal impedance K. If in considering a
particular filter, impedances are stated in terms of units of the
magnitude of K, in the case of a constant K type we have
the relation 2,5, = 1. This, while in the author’s opinion
at least, simplifying the work of deriving formulae, will intro-
duce no difficulties if in applying the results so obtained it is
remembered that formula denoting impedances require to be
multiplied by K.

Making use, then, of the relation 2,5, = 1 the diagram
(r) has been drawn showing a half-section of constant K type
linked correctly with half-sections of the mid-series and mid-
shunt type.

A
mz, L z, W‘]
R o Y 1T ™2,
—w T 72, - —_— <Lt 3L
2 /—szz . = B2 2 $m2, T Lm
M i Serces Constant K Med St
Derrved Llf Sectron Derived,
Aot Sectron Helf Sectwon.

Considering the mid-series derived section, writing :
mz,; in place of 2,

and ——— 3, +

m ms,

of this appendix the following equation results for the mid-
shunt impedance of the mid-series derived section :—
I+ (1 — mz?
.................................. 10
N1+ 2? (10)

in place of/aZ‘;in equation (2)

Zozm =

1

Note that substituting for -z, in equation (2) or

2
putting m = 1 in equation (10) the expression for the mid-
shunt characteristic impedance of the constant K (parent)
section is obtained :
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Zoz =

The relation between the mid-series impedance of the
derived mid-shunt section and the mid-series impedance of
the constant K network can be obtained in a similar fashion ;
these are:

Mid-series impedance of a mid-shunt derived section : —

NI+ 2z°
L im T e e 12
orm 1+ (1 — m?s,? (12)
Mid-series impedance of constant K section :—
A A B P (13)

The reciprocal relation between Z,,n and Z,,m is note-
worthy as is also that between Z,, and Z,,.

The propagation constant for a full section of the mid-
series and of the mid-shunt derived types is found to be : —

2m?z,”
cosh =1 + o e eeeee s I
ym 1+ (1 — m¥)sz,? (14)
and the propagation constant for a section of the parent
constant K type is given by

cosh ¥y = 1 + 22, .. (15)

As to the interpretation of these equations when applied
to low-pass filters. It has been shown in the main part of the
paper (equation 3) that K = w,L.

In equations (10) to (13) of this appendix impedances
are all stated in terms of units having a magnitude = K.

In consequence, in these equations, sz, signifies, in the
jo

K

case of a low-pass filter, not juL, but , that is : —

j(l)L . @ ‘

ol 170,

2 ettt (16)
e ()] |

In the case of high-pass filters : —

I woc . We
X

I

WwC X K T Juc - 1w
2

and 7, = — ( 2o > ...................... (17)

z, =

Z, =
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APPENDIX II.

Low-Pass Filters with Mutual Inductance.

L'./—/‘Z\ L, , z z L+M LM
4 opgag—2 3 A oA— Y
—_ — | -
Zy ——> 2, 2y 2_1_ 3z, -M
/ 2 2 2 3
@ *) (c)

Let the diagram at (a) represent two equal coils of induct-
ance L, with mutual inductance M, between them. It is
desired to determine the impedances of the elements of the
equivalent mid-series section represented at (b). Terminals
33 have been shown short-circuited in both diagrams. Let
1, 1y, etc., represent the currents flowing. In mesh 2,3 of
(a), equating the sum of the voltages around the mesh to
zero : —

O = izijl + iljle

1

h . . M . . . M,
whence i, = — 1, x I, and 4, — i, =1, { 1 + I,

Considering diagram (b), since the current i, divides
between the branches 22 and 23 in inverse ratio to their
impedances and

il__i.—igz_Ml+L1

A iy M,

2

z M,

22 = — 3, X m .............................. (I)

Now if terminals 33 are open circuited, equating the
impedances between terminals 1.1. in diagrams (b) and (a)

2y

z, + = ijl and .’ by (I) I‘I;—lM % = ijl

and 2, = jo(L, + M) ‘

By (I) 3 - ]_le J ............. R R CRRETLETTRE: (2)

2
2

The equivalent network is represented at (c).
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If the general case, in which impedances are added in
series and shunt arms of the network of diagram (a) is con-
sidered, the same values of equivalent inductance result.

The filter section shown at (d) is equivalent to the section
shown at (e).

L, m
% %;::A
(al) (e) 52,

A mid-series derived section is shown at (f). In order
that the sections (d) and (f) shall be equivalent :—

mL = L, + M,

I — m?
TL*_ 1 e teren et it aies sasaseeeiaaeaaas (3)
1 + m?
lezimlLl
1\11 I—'n’LZ ................................. (4)
and by (3) ~p- = - T '

In the normal case when m is < 1 the mutual inductance
is required to be negative. When the sign of the mutual
inductance is positive m has values > 1 and the attenuation
after the cut off frequency rises less rapidly than is the case
with the simple low-pass filter. 'When there is full coupling
between the series inductances the cut off frequency recedes
to infinite frequency and the network becomes a phase-
changing section.
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APPENDIX III.
Attenuation of Filter Sections in the Transmitling Range.

Approximate expressions for the attenuation in the
transmitting range of the simple and derived types of filter
sections can be obtained by the following argument.

Consider first the general case of a half-section, the mid-
shunt terminals being closed by the mid-shunt characteristic
impedance. The series and shunt elements are, as before,
denoted by 2, and =, respectively, but it is convenient to let
z, and 2, represent magnitudes only, the use of the symbol j
limiting the case under consideration to unreal impedances as
in a filter and the sign of 2z, is made opposite to 3, as must
be the case in the transmitting range. 7, and 7, are the ‘* dis-
sipation constants ”’ of the series and shunt elements respec-
tively, that is, the resistances associated with z, and 2, are
7,2, and 7,2, respectively—see diagram (a).

J2, + 7z,
) pumans TS
_ =
z 9z
Lu = A%2,-27 * L/; = __Z.L_Z}_T
2z i
(a)

Let I, be the current flowing in z and I, that flowing
in z,, then since sz, and Z,, are in parallel :—

518,
V38, — 5°
813y

L =1, x

V2.5 — 8" I

No account of the resistances 7,2z, and 7,5, has been

taken, but if these are very small their effect on the distribu-
tion of currents in the network will be negligible.

Being concerned only with the magnitude of I, the
equation may be written in this way :—

218, Z
I = I X =I X /\/ :
2 t NV (2.8, + 2,32, — 2,°) ' 2,

Neglecting for the moment the resistances of the series
and shunt elements we may say the power input to the half-
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section = I,2Z,,. The power dissipated in the series and
shunt arms is given by the expression : —

. z
1%z, + Lr.s, = 12z + 2 x 2

X 742,
22

= I.%2,(r, + 13)
Without serious error we may state that the total power
input to the half-section is:—
1,2Zoy + L22y(ry + 7,)

Power input Power input

Power output ~ Power input—Losses

L*Zo, + 125 (r, + 1) . zy(ry + 73)
1,*Z,, Zy,

The power ratio for a full section would be : —

a(ry + 1) )7
G S T
[

The attenuation constant (Nepers) per section then would

be :—
= 10 e I + —5](11 + 72)
B g [ 70
Since Aln 4 ) will be small we may write : —
~01
sry + 1
g = 2 o S (1)

If applied to the case of the simple low-pass filter the
expression becomes :—

w

(r, + 7.)

Wy

e e e (2)
T (o) 2

In the discussion which follows 7, and r, will stand for
the dissipation constants of the elements of a constant K type
filter section.

B =

Using the notation of the latter part of Appendix I. we

have that z, =

1
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Consider a half-section of mid-series derived m-type as
shown in diagram (a).

JZ + 12, m(jz, + 7z,)
* frc
% /“”’[]z,+rz
lonstarnt K & /%:l&rws m-type”

It has been assumed that the elements of the series and
shunt arms are composed of the same quality inductances
and condensers as those of the parent filter.

The dissipation constant of the series arm remains un-
changed = r,.

The dissipation constant of the shunt element is : —

Ta (1 — m%)rz, 5 .
2, 1+ (1 - mPna,

T - (1 - mY)z?

I

- (1 — mPsz,
51

The sum of the two dissipation constants reduces to
T, + 1,

1 — (1 — m%sz,?

Substituting this expression in place of 7, + 7, and writing
mz, for 5, in equation (1) we obtain this equation : —

Ty + 7 mz

— - 3)

Bm = Pa— (I — mz)Z]z X 201 ..........................

This result holds good also in the case of mid-shunt
derived sections. The equation is of general application for
any family of ‘‘ m-type »’ sections which are derived from a
filter in which 2,2, = K2

In the case of low-pass filters this equation can be
written : —

w
m —
T+ 1 « (07

RN o IV E
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If the attenuation of the parent low-pass filter has been
calculated, that of a derived type is obtainable by multiplica-
tion by the factor
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m

The attenuations are in Nepers—the conversion factor for
expression in decibels is 8.69. The corresponding equation

(O]

to (4) for high-pass filters will be obtained by writing — —
w
in place of @

Wo

As the resistances of the elements of a filter are reduced
and approach the limit zero the approximate expressions
which have been obtained will become exact. Curves for the
family of derived low-pass filters are given in Fig. 23 for the
case of r, + r, = .01. The attenuation for other values of
7, + 7, can be taken in direct proportion. Attenuations
estimated in this way will be too high, but the error in cases
in which elements with good angles are concerned will be
small.
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APPENDIX 1V.
Attenuation at Critical Frequency.

Consider a complete mid-series derived section of a low-
pass filter, shown at (a) and using the same symbols as in

Appendix III.:—

mj2,+72) m(rz, +2,)

253
[-m’ (.

J 5 rz)

@)

At the critical frequency, at which maximum attenuation
occurs, the reactances in the shunt arm are equal, but of
opposite sign, the reactances cancelling each other out and
leaving only the resistances. Neglecting resistances in the
series arms, the diagram for the critical frequency becomes : —

Jm2, Jmz,

1 —
M —_ | NSNS
— —
3 Iz
R =
II—L Emz, J7A
b

Since the resistance of the shunt arm is small we may
write without appreciable error
2 2
lev| = Lo oams
T+ T,

since this is a low-pass filter, |ev] =

(equation (17)—Appendix 1.)
but at critical frequency

~ Found by equating : —
= I I — m?

V] ‘m? ! and
@, I — m? | —— — " 3
2m 3 21m !

; I

4m*

we may therefore write V| =
y viite el = o =)
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The attenuation, (in Nepers), per section is:—
4m?
(ry + 1) (1 — m?)
If the attenuation is required in decibels the common log
of the ratio is to be multiplied by 20.

The mid-shunt characteristic impedance is, by inspection

loge

7, + 75 (ST £ r+'r2\/1—m2
== — 1
ma, W, m
m —
Wq

or rather, since we have taken K = 1 we should express it : —

1 —m® 2
at oy, Zogm = K (r, + 7,) L-f*— (2)
m
I'he foregoing results are correct for the mid-shunt m-
type section except that the expression for the mid-series
impedance at the critical frequency is:—

Km

at Wy Zglm = (71 i 72) N/ﬁé .......................... (3)

Equations (1), (2) and (3) are applicable to the corre-
sponding high-pass filter sections without alteration.

When it is necessary to take account of the impedances
given by equations (2) or (3) in calculating terminal loss it
is to be noted that these impedances are non-reactive.
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APPENDIX V.
(Added subsequent to the reading of the paper).

Image Impedance and Characteristic Impedance.

The term *‘ characteristic impedance’’ as originally
defined applies strictly only to lines whose electrical constants
are uniformly distributed, and American writers use the
terms ‘‘ image impedance ”’ and ‘‘ iterative impedance *’ for
analogous impedances when referring to filters and other net-
works. In the present paper the term ‘‘ characteristic
impedance >’ has been used in reference to loaded lines and
filters in the sense for which the term image impedance was
invented. Definitions of image impedance and iterative
impedance follow : —

Image Impedance.

a e J3
o ‘_!:_31_' 5- - O
A zits
. a2un- L o
P Loons T
@)

Let diagram (a) represent any network with pairs of input
and output terminals, aa, bb.

The network is shown terminated at ends A and B by
the image impedances W, and Wy appropriate to the respec-
tive ends. The two image impedances are such that the
impedance measured between terminals aa (looking towards
the right), W, being disconnected, is equal to the image
impedance W,. Similarly the impedance between terminals
bb (looking to the left), W, being disconnected, is equal to the
image impedance Wo.

Iterative Impedance.

o T
Z, 1A o a
o €285 - ...
k)

Diagram (b) represents the network terminated by the
appropriate iterative impedances Zp and Z, at A and B
respectively. Z, and Zg are such that the impedance between
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terminals aa (looking to the right), Zy being disconnected, is
equal to the iterative impedance Z, (end A). Similarly the
iterative impedance Zz (end B), is equal to the impedance
between terminals bb, Z, being disconnected.

In the case of unsymmetrical networks, as for instance
the half low-pass filter section shown by broken lines within
the rectangles of diagrams (a) and (b) the image and iterative
impedances at the two ends of the network are different. In
the case of symmetrical networks, as for instance a complete
filter section, the image impedances at the two ends of the
network are equal. The iterative impedances at the two ends
are also equal and there is no distinction between iterative
and image impedance.

The term ‘‘ characteristic impedance *’ is in general use
amongst telephone engineers in this country in reference to
loaded lines. Since image impedance and iterative impedance
are identical in the case of any symmetrical network the
retention of the term characteristic impedance in reference to
loaded lines and networks could only give rise to ambiguity
in the case of unsymmetrical structures. The iterative
impedance of an unsymmetrical network appears to have
little connection with present-day views of transmission
through loaded lines and filters, though it is, no doubt, of
mathematical interest. It is suggested that ‘‘ characteristic
impedance,”’ when used in reference to networks, (including
loaded lines and filters) should be understood in the same
sense as image impedance as defined above.

b

The diagram at (¢) represents any network AB. Let a
series of such networks, identical with AB, be connected in
chain as shown at (d), alternate networks being reversed in
direction. If this series is continued indefinitely to the right
the impedance measured between terminals aa at the left hand
side of the diagram is the characteristic (image) impedance,
end A, of the network AB. Similarly the characteristic
impedance of the network, at the end B, is the impedance
measured between terminals bb at the left hand side of
diagram (e). Reference should be made to page 12 and

Fig. 5.
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Diagram (f) shows a series of networks connected in
chain, but without the reversals of direction shown in
diagrams (d) and (f). If the series is continued indefinitely
to the right the impedance measured between terminals aa on
the left hand side will be iterative impedance at end A of the
network AB. The correspondmg diagram illustrating the
iterative impedance at the end B is shown at (g).
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APPENDIX VI
(Added subsequently to the reading of the paper).

When alternating current which is being transmitted
along a line has reached a steady state, positions at which the
instantaneous values of the current (or voltage) are zero pro-

gress along the line with a speed which is equal to % miles

per second, where
o = wave-length constant expressed in radians per
mile,

o = 2xf, f being the frequency in p.p.s. of the current.

In the transmission of speech, however, it is the speed of
propagation of changes in amplitude that is of first import-
ance. The speed of propagation of changes in amplitude is
dependent upon the slope of the wave-length constant-
frequency characteristic. This speed of propagation is equal

1 *
to do and the time of transmission per mile is o

*‘d; dw
Equation (14) of Appendix I. states:—
2m?s,?
1 + (1 — m%)sz*
and in the transmitting range of an ideal filter

cosh ym = 1 +

2m® |z |?
1 - (1 — m?)|z]?
where am is the angular change of phase (expressed in radians)
per section. an corresponds to the wave-length constant of a
line. =z, is impedance of the series element of the parent
(constant k) filter. Differentiating with respect to =, : —

COS am = 1 —

dan m 2
dlzll = P (I — m2)212 X Vm ................... (2)

Applying this equation to low-pass filters (See end of
Appendix 1.):—

m ) 2
do. i 3)

o) eGS0
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To obtain the time of transmission or delay per section
it is necessary to divide the expression by w,.

da .
— for a series of values of

Fig. 24 gives curves of -
w

m.

The curve for m = 1 is applicable to loaded lines except
at very low frequencies and frequencies in the neighbourhood
of the cut off frequency. Owing to the crowding together
and crossing of the curves in Fig. 24 it is difficult to use in

o

the region above = -8, but the values from which the

curves were plotted are given in Table I.:—

TasLE I.

da FOR LOW-PASS FILTERS.

Values of m.

“o 3 4 s 6 i 7 .8 9 1o 1.2 1 1.5 J 2.0
o .600 -800 | 1.000 1.200! 1.400| 1.60 | 1.80 } 2.00 ' 2.40 1 3.00 ‘ +4.00
.2 635 845 | 1.052 1.26 | 1.46 | 1.b6 | 1.85 | 2.04 2.41 | 2.92 | 3.65
4 .766 1.01 1.2y 1.46 | 1.06 | 1.85 | 2.03 | 2.8  2.45 | 2.73 | 2.95
6 1.114 1.43 1.71 1.95 2.14  2.30 | 2.42  2.50  2.59 2.56 | 2.40
8 2.39 2.5 ' 3.20 339 3.46 P36 | 3.32 ' 3.33 312 2.78 | 2.28
.0 5.24 5714 1 5835 572 | 5.48 518 | 4.88  4.59 4.06 342 | 2.67
93 7.67 7.96 | 774 | 7-32 | 6.82  6.32 | 5.86  5.44 473 3.92 | 3.03
.95 | 10.74 | 10.29 9:93 | 9-12 | 8.31  7.60 | 6.97 6.41 5.50 1.52 | 3.46
97 | | | 8.22 | .98 35.67 | 4.30
a8 ‘ ‘ | ' 8.46 ‘ 6.85 | 5.18
| |
da

Corresponding values of for high-pass filter

sections are given in Table II., tabulated against ( o >
w

The equation corresponding to equation (2) which is applic-
able in the high-pass case is:—

4 2
2 < @o
dam m »
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TasLE II.

——  FOR HIGH-PASS FILTERS.

Values of m.

<
B

b .3 ‘ 4 5 "6 7 ( .8 .9 | 1.0
—_— | 1

o o o o o o ; o o J o
.2 .025 034 .042 .050 .058 .066 .075 l .082
4 123 .161 .198 .233 .266 ‘ .296 .329 .349
.6 401 | .516 .616 701 770 1 829 .870 ’ .900
.8 1.53 | 1.48 ; 2.05 2.17 221 222 2.19 2.13
9 | 424 405 474 | 463 | 444 420 | 395 | 3.72
.93 | 6.64 7.68 | 6.70 6.33 5.90 6.86 5.07 4.70
.95 | 9.70 | 9.29 8.96 8.23 7.50 ’ 5.47 6.29 5.78

Fig. 25 shows ,da plotted against —

d<w\) Wy

Wq

for a high-

pass filter section of the parent type—i.e., m = 1.0.

Curves showing time of transmission plotted against
frequency for certain types of loaded line are shown in Fig.
26. Those lines which are used for transmission of music
have been indicated by the word ‘‘ music.”
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